The persistent homology analysis is applied to the effective Polyakov-line model on a rectangular lattice to investigate the confinement-deconfinement nature.
Introduction
Topological properties of the system can play a crucial role in the classification of phase transitions. There are several ways to apply topological knowledge in mathematics to physics. Recently, the persistent homology [1, 2] , which is one of the ways to introduce the topological viewpoint to physics, attracted much more attention in the classification of system's structure [3, 4, 5] . In this article, we utilize the persistent homology to investigate phase structures in the effective Polyakov-line model which is the effective model of quantum chromodynamics (QCD) in the heavy quark mass regime.
The property of the confinement-deconfinement nature in the pure YangMills theory and also QCD is a long-standing problem and thus several proposal have been stated so far; see Ref. [6] . At least in the pure Yang-Mills theory, the Polyakov-line (loop) which relates the gauge invariant holonomy can exactly describe the confinement-deconfinement transition because it can be expressed by using the one-quark excitation free-energy. The finite value of the Polyakovline also indicates the spontaneous breaking of Z 3 symmetry. Thus, we can regard the Polyakov-line as the order-parameter of the confinement-deconfinement transition. However, in QCD, the Polyakov-line is not an exact order parameter anymore, since the existence of dynamical quark breaks Z 3 symmetry explicitly. Hence our understanding of the confinement-deconfinement nature is still limited.
From the topological viewpoint, it has been recently suggested that the confinement and deconfinement states of QCD at zero temperature can be clarified via the topological order [7] which is characterized by the ground-state degeneracy in the compactified space [8] . Analogy of the topological order in QCD has been applied to finite temperature in Refs. [9, 10, 11] by considering the nontrivial free-energy degeneracy at finite imaginary chemical potential. Therefore, it is natural to expect that the topology can bring us to deeper understanding of the confinement-deconfinement nature.
Another interesting study based on the topological view point is the center clusters and the percolation [12, 13, 14] . The center clusters can be classified from the behavior of Polyakov-line. In the complex Polyakov-line plane, the spatial distribution of local Polyakov-line can have the wide spread; see Fig. 2 in Ref. [14] . Then the property of the center cluster depends on the temperature and it is natural to think that the center property of QCD can have important information of confinement-deconfinement nature. In this study, we investigate the center property in the spatial distribution by using the persistent homology to obtain the deeper understanding of confinement-deconfinement nature.
The persistent homology is widely used to investigate the structure of the distribution of data set; for example, the spatial structures of matter such as the glass and liquid states of SiO 2 can be well classified from the persistent homology, even if these states have almost the same spatial distributions [4] .
Therefore, it seems to be suitable to apply the persistent homology analysis to investigate the structure of the center clusters; see 
Persistent homology
Let us express finite data points as P = (x i ∈ R N : i = 1, · · · , m) where N is the dimension of one data point and m is the number of data points. The data points are in Euclidean space R N . For details of the computation of the persistent homology, see Ref. [15] as an example.
To discuss the topological structure of the data points, one interesting way is the calculation of the persistent homology and then we need the geometric model [16] . One of the models is the r-ball model;
where B r (x i ) = {y ∈ R N : ||y − x i || ≤ r} and r means the radius of each ball and its center is x i . The condition of two ball crossing is expressed as
However, it becomes difficult to check the multi-ball crossing in the numerical computation. Thus, we employ the alpha complex in this study as the more convenient version of the r-ball model as usual in the persistent homology analysis.
To determine the alpha complex, we first assign the region V i to the data points as
and then we have
The region, V i , is so called the Voronoi region. In the actual calculation, we consider the Voronoi region consisted with P . Next, we consider the intersection defined by
It means that we restrict balls, B r (x i ), in the corresponding Voronoi regions.
The filtration for the alpha complex is now defined as
where α is the nerve of Ψ = {W i |i = 1, · · · , m} and the filtration characterized by t. After considering the geometric model, we should choose the algebraic description; we employ the persistent homology in this article, see Refs.
[ 17, 18, 19] . Actually, by using this filtration, we can calculate the persistent homology. Actual construction of the alpha complex in the numerical simulation, we employ DIPHA (Distributed Persistent Homology Algorithm) library [20] via the homcloud-base software [21] .
Intuitively, the persistent homology counts holes created via the filtration and then we should plot a persistent diagram whose horizontal and vertical axis are the birth and death parameters; the birth parameter denotes the creation time of the holes in the filtration and the death parameter does the disappearing time of corresponding holes; the time means r
Effective Polyakov-line model
One of the interesting QCD effective models is the effective Polyakov-line (EPL) model [22] . The grand canonical partition function [23] is
where U x means the Polyakov-line holonomy defined by
with the real parameters φ 1 and φ 2 , and the coupling constant κ in S G relates with the inverse temperature β = 1/T . Note that S G and S Q correspond the gluon and quark actions, respectively, in QCD. Unfortunately, we cannot take the line of constant physics unlike the lattice QCD simulation and thus we cannot set the precise T , but we may consider the high and low T regimes by varying κ.
Since we can consider a variety of the EPL model and thus we choose logarithmic L Q in this study as
where M is the quark mass, µ is the quark chemical potential and N f = 3 is the number of flavors. Usually, the confinement-deconfinement nature in this model is characterized by the configuration average value |L| of the spatial averaged Polyakov-line operator
where V is the three-dimensional volume; small |L| , |L| ∼ 0, indicates the confined phase and large |L| , |L| ∼ 1, does the deconfined phase. L is not invariant under Z 3 transformation, but is not an exact order parameter since S Q breaks the Z 3 symmetry explicitly.
To 
Numerical results
To analyze the spatial distributions of simulation data via the persistent homology analysis, we consider the following isolation procedure:
1. Map the bare data for each cite to the complex Polyakov-line plane, configuration by configuration.
2. Divide the complex Polyakov-line plane into three domains as shown in analysis with the set of these birth and death times: The shape (a) is the smallest cube on the present rectangular lattice and (b) is the chipped cube of (a). The shape (c) is the 2×2×2 cube but it does not contain the data point at its center.
Both (d) and (e) are cubes which can appear in the rectangular parallelepiped.
In these shapes, (b), (d) and (e) can be expected to appear as the hole of the large structure of mapped data and thus those creation numbers become large;
for example, the shape (c) can be considered as the composite of eight (b) and thus they are created together. and then the mapped data are very sparse, and thus we do not show typical shape shown in Fig. 8 . Dominant structures in each phase are summarized in Table 1 . Phase Group Dominant structure
Next, we analyze the κ-dependence of the persistent homology with M/T = 10. However, the standard persistent diagram is not convenient in the case and thus we introduce the averaged ratio of the birth and death times as
where N hole is the number of holes in each list. We here take the statistical average D/B by using 50 configurations and the result is shown in Fig. 9 . In 
Summary
In this study, we have investigated the confinement-deconfinement nature in the effective Polyakov-line model via the persistent homology analysis on the rectangular lattice. By using the persistent homology analysis, we can investigate not only the center cluster percolation but the behavior of the spatial distribution of data inside the center clusters. To compute the persistent homology, we divide the complex Polyakov-line plane into three domains, Z 0 , Z 1 and Z 2 , and then the lattice data are mapped on the plane. We then prepare the Z 0 , Z 1 and Z 2 lists to storage the corresponding data. Our results are the following:
1. In the confined phase, the data are uniformly distributed on each list and thus we have similar persistent diagram for each list. This means that each list has same topological data structure. Typical shapes appearing in the data space are analyzed; actual shapes are depicted in Fig. 8. 2. In the deconfined phase, the data are dense in the Z 0 domain, but they become sparse in the Z 1 and Z 2 domains. It means that the Z 0 and Z 1,2 lists have different topological structures in the data space. In the case of the Z 0 list, the smallest 1 × 1 × 1 cube and many small structures appear.
In comparison, the Z 1,2 lists have the structures which have late birth time and short life time.
3. To clearly show the phase transition, we consider the configuration averaged ratio of the birth and death time. This quantity shows the quite different behavior in the confined and the deconfined phases. In particular, the ratios of the Z 0 and Z 1,2 lists depart each other when the deconfined properties appear in the system. The difference comes from the structural We can consider the following interesting and important future works:
1. In this study, we do not investigate so much near the phase transition point. The persistent homology near the phase transition point should be necessary. In particular, the dependence of the persistent homology against the order of the phase transition is interesting.
2. We here employ the effective Polyakov-line model, but similar analysis of QCD is more interesting and important. We now plan to attempt the persistent homology to lattice QCD simulations.
These results will be shown in elsewhere. 
